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1 GRAPHS AND SUBGRAPHS

1.1 Graphs and simple Graphs

H9] 1.1 (Craph) AAT AR ol SR olFojzl 2 Temetsiet.

0|

JEE S| wASHAYEA 184 Sl A& plannar graphe}
plannar graph”} ©}'d ZA-8 nonplanar graphz}gtct.

o] FH7fel 1 LE trivial graphetal ek o]9]o] BE J#jml non-
trivial 1]z o]t}

loop : Bo| BA ZH4. link : o] ThE 74,

Simple graph : loop”} §111 T A% =
=

incident : oF ZFAlof oF A =3 adjacent : T 7HA o ZEEH AH <H

gt

1.2 Graph Isomorphism

A 9] 1.2 (isomophic) T T#jX G} H7} AGAL &= 6 : V(G) — V(H)S}
¢ : B(G) —» BE(H)o] A¥std T 1T 53 (isomophic)o|th. E3FF thSo]

Yt

o Y(e)=us(e € E(G),u,s € V(Q@))
(]



A 9] 1.3 (a special classes of graphs) EZof w2 g x o]=

complete graph(¢Fd 1) : RE Fgof 74l0] AAH T F o]
M%7k nQe) K,2 AT

empty graph : o] 7j FHdo] gl T

bipartite graph(o]& 1) : o] F JF o= o]FojA 3t Yel=
d4d Mol gl a8

complete bipartite graph(€tA o] Tax) : ot Fgte] »E HHo| Z+zt
w Aol BE 3H) @28 1Am % 3H A A%t 242t mat

noF_]'tm [(771,71—(:—)—E ET’E@_E}

(1.2.9)k-partite graph : 0] x 2
ol2ol7l Tefmolct ¢ REAG U] QAW AL EAelA) @i o
2 HBA3L0] A ofgt 7 o] ZA et (Y )a complete k-partite
graph is one that is simple and in which each vertex is joined to every

vertex that is not in the same subset

(1.2.9)complete k-partite graph : k-partite graph®] ZF Axdo] L3y H
2% AlQJRt B ARl THde] dAH s
(Y& )complete k-partite graph is one that is simple and in which each

vertex is joined to every vertex that is not in the same subset.

—
—
[\3
,_.

0)k -cube : Z} A& 51t9] ordered k-tuple(k-H|E o] 4=)0] 11,
7“301 IR ER A2 oF o & AF7t ] o217} it

o] 19} (complement graph) : BE A s EFsHL 9]
st= M2 AA, EASHR %= S ABAE6HA THE 8T G°
o},

(1.211)A7] o] 2= (self-complementary graph) : o 12 x e} 2}7]=}
Alo] 3¢ 2=

r
oZi

11)
H
-

o=

Bl r
rsh
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1.2.1
1.2.2
1.2.3
1.2.4
1.2.5
G = H , simple

bijection 0 : V(G) — V(H) uv (G) 0(u)0(v) € E(H)

4915 18 01e) = 1ot 4« (e € B(@)D Tl AESAE V(o) =
0(u)0(v)Q1 d(e)(d(e) € E(H))7F —LXHE.‘—E— o 4 ot =t w € E(G) —
0(u)0(v) € E(H) 4%, §tte] A9k upztriz =2 g9 gict.

1.2.6
1.2.7
1.2.8

1.2.9

(m(k+1)n)<’;> (nmk)<k;u1)
_m(k—irl)(];) _n(’;> _(n_mk)<k;1)
N CH AR

()
() ll) oot et
_ 2 n—nk;rk +k nk+(m1><k;r1> (7)
:(n—k)(r;—k:—l)_(n;k)+(m_l><k—£1> (8)



o KS,, ¢ 5 W@AL] 9] 24o] §lo] 5 o] 242 A1l subgraph

(b): 2471 of eI} 57| 9IaA Ak S ol el 7] vt FLsfopst
Lo o1 2 AR 2ael Aas U gagrop ey g
1

2
M 4 o] T me] 744 Qe Fi% = o 2ejme] 21414 ol
2ot v 12 Folw § F shits

&

Hr
K Lo

r\l

(AolmAR A4t} 49] Hj5el ool
S ZASHAEU ) 49] HiSodolgt et Tk v (mod 4)= 0 EE 1

QI ¢ F 2D QRS REST, ush o7k A-EHH 0(u)St 6(v)7F
i

2
= o tshA] ol AHES H| AHE] AU 55}
WA Jé*é% BESE G4 U} EAGHE £ IHE Gob HE 53 (iso-

Proof: E(G)2] Qlele] 7141 co dha Qole] 4 u,v7h AFE, 9%
Aol HEFER (u)9} 0(v) EZF AT 0(u)9} 0(v)E Ak H1S
ol el ¢(e) = €'9l ¢ : E(G) — E(H)Z Ao 4= 9t whabA

sl ¢
gelel oJsf GeF He 53l

week?2

1.3 The Incidence and Adjacency Matrices
(W& THZS Yetll= Bl izt Hg)



1.4 Subgraphs

A9l 1.4 (subgraph) 1T H, G7} V(H) C V(G),E(H) C E(G), and ¥y
is restricton g E| duf H C G 8211 H(G)E subgraph(supergraph)z}t gt}

e HC G,H # GOl H C G2} ®7|5121, HE G proper graphz} 2ttt

e V(H)=V(G),H C Go]H H(G)E spaning subgraph(supergraph)z} gt
=

e spaning subgraphi} 5 A]¢]| simple graph©]™, undelying simple graphz}
St

o T G7} Vv € V,d(v) = kO]9 k-regularo]t}. P12 xel obd o] &
T2 I (complete bipartite graphs K, ,), k-cube:= &= 2{T}.

“hr7t A2 Ppgoltt.

1.5 Vertex Degrees
9] 1.5 (degree(12))  do(v)= B voll ARH 749 A5E vpehdicy. 1
o] B 59 HEAE 0(G) , AARE AG)E EAFT

Z d(v) = 2¢

veV
k-regular graph(BF 13 Z) : d(v) = kYo e V |A| : ZE A9 949 7S

Theorem 1.1.

> d(v) =2¢

veV
Proof. 2WY M& A7eu7% 2 4 FHOR olReiAgonz Bo| &
o g Aol Aot weh BE B3t o] ge 3 dwv)oln Eg 2:0]

veV

o} oA 1.3.1(2)0] TebAl 2t 29| o] 201t .
Corollary 1.1.1. O{& 2= 2}£T1 2401 HAH9| 24 &40|C}.

Proof. %7} &5} 2



L Aot Y d(v)e #A4o|BE Y d(v) EFF ALolth IHER [V

o]k, O

1.5.2
M= Mo Ax|sd Qm7] M7, MM [v;][vi] M{v;]e;] - M'[e;][vs]
1

M'lej][vi] = Mlv;]le;j]©]™ simple graphohIHjZ],' Zk
Avtdoz g e sig A9 A4t ek
A PE Oﬂfﬂ Alv][v;] = A[Uj][vi}

0 = 10]7] wiZof

r{o

dii) =" Alv[o;] = Z Alvj][v;]o]e}k. uE7F2] 2 simple graphell A Afv;][v;]

1.5.3

k-regular bipartite graph®] bipartition(X,Y)o] | X| # |Y|2} 5}A}. d(v) = |V, d(u) =
| X|(ve X,ueY) dv) # d(u) ©]= k-regular graph®] Z7o] Rz

™
A, ATPAE 7 d o L}E}LHE} 92 Y 15 simple

whebA sig A= simple graph"‘“ﬂ gtEA] = 1”44 A7t B
R

filo

Hol

=

.5.5

Fob G7F A v1, 09, ., 00 & 7AW (d(v2), d(v), ..., d(v,)) & T G| 7}
g

v 1
4= 4= (degrees sequence)t F2rt.

d
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Flo
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o
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>
S
3
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S
o
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olN
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it
2
o,
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=)
i)
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_>|J_‘4

If G has vertices (v, va, ..., vp) the sequence (d(v;), d(vz2), ..., d(vy,)) is called
a degree sequence of G. Show that a sequence (di,ds, ...,d,) of non-negative
n

integers is a degree sequence of some n graph if and only if Zdi is even

i=1
1.5.6

A sequence d = (dy,ds, ..., d,) is graphic if there is a simple graph with degree
sequence d. Show that

(a) (7,6,5,4,3,3,2) : o] & 770 AHA| ] 7H4d0] 7772 simple
graph9] 27L& F&51#] E3itt. (6,6,5,4,3,3,1) : = 7719 AHS AAES AL
g HE Aol S e Apert 691 o] 270l xRt Tt 191 Aol
QO B2 simple graph®]o] R<o]Tt. .

(b) if d is graphic and dy < dy < ... < dy, then Y _d; is even and » d; <

i=1 i=l

k(k—1)+ Z min(k,d;) for 1 <k <n
i=k+1

[

=7 AZEgeT

l

I 2} o] dy < dp < ..o < dpOlW, Y di B
i=1

AT} thgo] 4ETE HolXe Y di < k(k—1)+ > min(k,d;) for
=1 i=k+1

=

A A5sdol g de] Fe 260l

1.5.8
1.5.9
1.5.10

The edge graph of a graph G is the graph with vertex set E(G) in which two

vertices are joined if and only if they are adjacent edges in G.



Show that, if G is simple (a) the edge graph of G has e(G) vertices and
L (d2 (V)) edges; vEVIG) . (b) the edge graph of Ks is isomorphic to the
complement of the graph featured in exercise 1.2.6.

JPE Qo) A P ZE BAE A B (C)7IE e 5 o] B
Hol Go] 914 A 91 ASoler AgFU

1.6 Paths and Connection
A9 1.6 (walk) ¢xHo=z olofx= AH, A dAZE walkagitt
vpe1v1€20s...e, U2 walkE vy to v = (vg, vg)-walk2h gt

o AU 1AL FAAT 2 walkE trailo]akaic),

e simple graph G| BE HAS A= trailo] Zol& e(W)olt}.

o Au= e AT & walkS pathe} ghrt
o I G7F F AH uwve (uv)-path7} ZAZ ), connected grapha}tgt
=

1.6.1

(u,v)-walkAtolof] Afo]Zo] EX) & A-¢ AA= FHE FEAMESIA Y= walk
€ 2t wetA (u,v)-path7h EA e

1.6.2

7777

1.6.3

gt S w20 Ao R Hged 6 <k o]7]dZof| lenth7} k2 pathE
BFEZI9IS] M2 e kY] AAE BES AE6) pathE YTl



= 2r T
W 9 JeEe] AUERE Hold 18 A7 ¢ 4 9 o
o= B2 connected”} Hrt.

(b) : AH shts AlLlet e — 109 AHom (-, )Ml AXE A-8Sl
JoE THEWA A™shte AAE o] QAEeEFR disconnected 12

(a)7+A e7} W 0 2 A S E componentZ} F7] 9] componentZ} 2 Q X]7}
At TERA w(@ ) w(G —e) <w(G) + 17} At

(b) inequality: B54] gtel: V(G) = vy, v9,v3, E(
v1v1, Y (es) = vaus vlJJr vousZt ZYZF AAE] Q)= w(
= AAEH componentZ} Shp AFFA| B2 S0l HogA

G) = e, ez, Yuler) =

G) = 291 1 zoltty,
Al ThEShA] Fet

1.6.9

1.6.10

1.6.11

1.6.12

1.6.13

1.6.14

uv, uw, uw € Eo]H G completeZ} 7|t 2ol uw ¢ F

10



1.7 Cycles

89l 1.7 (cycle) walk7} F9] ool AR} E30] Z2w o Urt
(closed)1l Qtct
Eg % cycleo]2targtrt.

el

=g]

Theorem 1.2. JI12{T7} O|2 2| T2} E4719| AIO|2E 7HA|A| %U=AUH2
HEEEESINIES

Proof. O
1.7.1

1.7.2

simple graph”7} o}d 7

Q1912] v, 01 ZH40] 274o]
4o HA o] 47t kol QTS HZ+stAt. o|w] vovivs...v;

¢l Mz ohE AT it o]0 AZe AZeET vot v 0] A= HA 9]

z01elH 2271 0 < j < ko) B vyoll Bo] Holglolobtet. A

0V 41...0 81 AFO]E-E& o] 2T}

A5 vovo= Al Q5| AtolEoltt
VU1 Ve AFO]ES O] BT

simple graph?l7

1.7.3
1.7.4
1.7.5

week 3

1.8 The Shortest Path Problem

(% Dijkstra’s Algorithme]| tgt H-&)

11



1.8.1

1.8.2
1.8.3
1.8.4
1.8.5
Fsd BE 399 58 AL oju o

1.

2.

3.

10.

11.

12.

13.

14.

A2 (8,0,0) — 2,3
(3,5,0) = 1,4,5
(5,0,3) — 1,4,6

(07573) — 27375

. (3,2,3) = 2,47

. (5,3,0) — 3, 8

(6,2,0) — 5,9

. (2,33) = 6

. (6,0,2) — 7,10

(1,5,2) — 9,11
(1,4,3) — 10,12

E (4,4,0) — 11,13,14
(4,1,3) — 12

(1,4,3) — 12

1-2->55—->7—-9—>10— 11 — 12

12

= lotd
Joteg (1o AREA Asi: EAlglch



1.8.6

1.9 Sperner’s Lemma.
2319 Wrgre] 7T o el olg Ao Artger 2y wAshe 4
71go] BAY TL WS FEO A1 o] A7FL 2AAL
(be simplicial)2tal it

ok Tt A o] 23] s 271 ZF Aol disiA thael A
Had, 0,1,2 A7R 9] EF(labelling)7} #°d (be proper)sitial gct.

(a)

19 1: (a) Asimplicial subdivision of a triangle (b) a proper labelling of the
subdivision

o To] A7l2] HHlE 0,127} shb B

o 123 To] A Alo]o] ol oF & To] Pl F giuk glo] 22 4

ATt

2 AL 0,122 A 4G TEE Azgoletat.
Theorem 1.3 (Sperner’s lemma). 2&35| 2F |10 (properly labelled) THEdHA|
(simplicial) MZH8E ZHAS 20| E47l0| 2EE M2H8E J1aIC

Proof. TS Tyet 812 Itk Ty, Ty, .., T, & ZAH A2 Soleka shat. 07
12 247} £59 T,9 T,7h 3% ) 0,00 2Hio] EAjsHs 44 A
{00, 01, v} S (0] BAL Tol| hg&59let)

13



o] Z Lo vo= FHMSHA A7t TS 7FATE(1.9.1) Wb vy, vg, ...
ol E7F 43k A5 7HAA Aok A oletA o] 2479 AkE 7t
A= BREC] Aggkel @2 18k 7HE & 4 Utk v 9] ArF 192 Th7t
TEE AR A -etoltt. O
1.9.1

filo
i)
oo
ot
=
>,
o
=2
o
)
o

A7 Aolo] Aol A4S nojekeh 45k A
Rtk AZhaE A TeiW 0 — 12 0,9] A4 lojth 44 Afole] HHo
oA w0 57t B4l AUTTH AT N 19 )2 Noj B A4S 4

@) o B We WA 397t e

e 0—1
e 0—-0
e 1-0
e 11

10,0 1% thgol B2 Eo] YZFsls o] 1 - 170 0 EF fhAoleh

11 Qo kel 02 AYBASA A5k +27bsn 10 IE
£tk 0-0 QU WHE7ER) 1-0 Qupis 7hedlel] 02 AT B9 1-0-1
QARE 4L G RA A4t TR 12 AU szl 01
Qe nrloleh. webd N+ 1A% B4qlo] FHEo] 5ok Aol
wet ke G Btk

14
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week 4

2 Tree

2.1 Trees

A9l 2.1 (tree) connected acyclic graph
acyclic graph(forest) : Ato]Zo] gle= Tz
Theorem 2.1. E2|0|A & HHEE M2 KU F2E J|RIC}.
Proof. O
Theorem 2.2. 12| G7I E2IO|H e=v —1
Proof. O

Corollary 2.2.1. Z&0| 3247t Ot E2|(nontrivial tree)= 2 E FIH2| H
20| 2447} 10|C}

2.1.1
2.1.2
2.1.3
2.1.4
2.1.5

Let 0 be a graph with v-I edges. Show that the following three statements are
equivalent: (a) G is connected; (b) G is acyclic; (c) G is a tree.

AZH acyclic graphi= A o]of| 2J5]] tree] o] Aot E THA 9] 7|47t v—-1
Aufj, acyclic graph¥ @ connected$tZ 7} connected graph@ ™ acyclic Z12]x
Qo] W FREAYL Holk A2 FHolct.

acyclic — connected graph

acyclic 13| Z 7} connected graph”Z} o}Yztal 712 5| H =},

13 Z} component+= connected grapho] 22 Ezg|o]t}t. ZF component 2]
19 A9 h2 v(Gr) — 14 v(Ga) =14 ...+ v(G,) — 1 # v(G) — 1 u2hA
Mol B tha BAIZE d-eth

connected graph — acyclic

15



acyclic graph7} oF ekt 812} cycleo] GARTY 714 s AAA
acyclic I} HEE BEA B} Uk v—1-n £ v—1 7Po] Béolet
o WA At

2.1.6
2.1.7

2.1.8

A centre of G is a vertex u such that max d(u, v) is as small as possible.
Show that a tree has either exactly one centre or two, adj acent, centres.
Ge) FHe A d(u, )7t FH5T @ 2 A uelr
£ skt gots] shutel $4 B T Al9] QAT AL AT 98

Hojzt

tlo

2.2 Cut Edges and Bonds

A9 2.2 (cut edge) LIHZ GO 3l w(G—e) > w(G)A T+ eE At 714
(a cut edge)o]2tal ghct.

Moct.

Proof. O
Theorem 2.4. 2& ZH10] HE ZM40[H HEFE Oefid= E2|0|Ct.

Proof. O

A 9] 2.3 (spanning tree) 12T GO E&|Ql spanning subgraphs Go] A1%F

E 2] (spaning tree)2til F2r}.

Corollary 2.4.1. Z12i{Z G7} connected graphO|™ G2| cennected spanning
subgraph?t ZATIC},

Proof. 18X HE G2 FA3SHS] connected spanning subgraphz} Sk} o]dj
H7} acyclic7h obehi 44 sjBAh. Tem B} Abol2o] ZAISH 29 244
AtolE A29] A9 AT A u,vE U2 u,ve] A& AANE u,v

16



= ofHo] AZAEoQlt}. o]= FASHS connected spanning subgraphahbs A
of B<olt}. weEtA 18| H= connected spaning graph©|™ acyclicgtO 2
23y Edod. O

Corollary 2.4.2. 2T} HAZ|H QeH e>v -1

Proof. O

A 9] 2.4 (an edge cut) o [S,
G gt 24 WEE o AEAL (5,5 BE vk
e An edge cut of G : S& H[O|UA] ¢re HA Vo] BE Hglo|1, § =

V/S<el [S,S5]2 G2] 7+ Aek(an edge cut of G

>
KD
l
o
)

o Bond : 43| HIAFS Go] 7H Aeg B (bond) 2ttt
e H(G): HE G| ¥ & J#jzaty duf H(G)E G — E(H)2ta gt

e cotree :¥ 4 I GollA, A1y
t}.

[m
o
~
1o
N

HHE G2 cotreezta!

o

Theorem 2.6. TS 2T GO| ALY Eg|2t &, eE 79| O™ ZHMO|2t
10 SFAF O2q®H

o cotree T= GO EEE 72|10 QUR|OkC}.

el 9Y

ro
i

BCZ 712 DYUC}

rr
<]

[ TJre

17



2.2.2

(a)e7} ANA7} Auf 7H4] 7} mE
TR e7h &5 ke And E = A=)
sh} o 9tk SRt A eo] AMF abl oF HATF AR AAEE B
Zolt}.

(b) 7} 2w Aujd Ea]o] SETHR S1A. ShAT ek Ao R Apo]
94 stme 29| Heolo] gujEth. vz Egje 2uE tHow 7}

]
A
N EECEEEOE-E

L Theorem?2.49] 2] 5}

)
o
o

=

<

1o

)
[>

£

ol
|

A

=

>

oo

i

rr
H

rn

o

2

o
S

2,

R}

ruO

>,

2
[>

£,

ol
[

A

2,
R
rO
e
R
H

JAA = ER7) Hr

2.24

maximal forst : Z1#| X GolA IHIEA HA Ed® vh5o] GAA|I7 HEHE
7} 9-ee JHAS) JHE 2 mYAER wtELA

(a) Eg]le OAAHE A0 EZE 7HA}. foresto] Aojof ufet FO] RE
component= 2ufid EZfo|tt. FNH o] w2 HO| A~ EZE Yepd
ot
(b): 2.2.59} FHo] Z}.

2.2.5

ot component i9] 7FA9] ALE ¢, A
of o5l ¢ > v; —10] 4
St € > v—w7t AT

Fdstn R wreba FAghe] ghEo]A]

o) ALE v 2FshA} oW Corollary2.4.2
HIAE | o5 Jstn=Z o]5 BF ¢

% shiniet Aol2g 24
A

2.2.6
(a) : BE 571 A5, A QA7 ZATHL 17 19 AT AAAE
AAGLT AN 0] AT £ BPL 2457 E47F Dk ol corollary 1.1



ol Jafl Zt7ke] components §4-0] AL R2A WA o spAokshzd ol
L RE 247} @5qde] Béolth. (b) :

2.2.7

2.2.8

2.2.9

2.3 Cut Vertexes

9] 2.5 (cut vertex)  E7F T4 0]Agke BEAG A vihS §A5H 7}
A= GIE1],GE2 &8 24 2 A vE A FA(
G7} loop7tA o] gLl nontrivial W, w(G — v) > w(G)<

Holet it
Theorem 2.7. E2| GO| CH5H d(v) > 19T v= AT JHO|Ct.
Proof. O

Corollary 2.7.1. 2& nontrivial,loopless HZ = HCt ZA
HE Ao FI40| 71RICt

Proof. O

weekb

Theorem 2.8. T7} A e
or2 GOl of2[2tl AL d{H T + e= RS AOIZE2 712ICH

Proof. v(e) = zy=t T, FLT Abo]2olobd F 7l o]/Fe] Atol o] AdE
8¢ e2] oA F7671 9 z,y ARt Fr7tohd Foolde] BEot A=
A ojulsted Efe fdt ﬁoicﬁol olm] FPEHACERE FAF Aol
7Hd et O

19



2.4 Cayley’s Formula

A9 2.6 (contract) 1 GO Tt of|ZeE FESTH= Z-2 o7 =
ol At & EH-S st AHo=m A= Aol 11 A wEojA|=
JdHTE G- e HATITH

V(G -e) =v(G e) —
e(Ge)=e(G-e)—1
w(G - e) = w(G)

o T7} Ejo|W T e Ezjo|tt.

e 23= Go| 21y EF 9] ASE 7(G)2 EADL.

Theorem 2.9. 2.8 12T G2| 2|9 Of|R| 0 CHallAl 7(G) = 7(G —€) +
7(G - €)0| HEBIC}.

Proof. ZIH| I Gof|A o|Z]eE 2Z3FeI2] e Ad Ed
2] Tt "ot o2bA 7(G —e)= s %
Eg9] Zi5ot Zrt. o7] eF ZE3ot= GO 9199
2mg EQ] T-eof] 4 of-53eh(F
oA of|7] eE EFst= Amjy Eg|Q] sj4olth

a1
qq )UJrEW e e) G
otq Rt Agee O

J;l;g

Fortunately, and rather surprisingly, there is a closed formula for T(G)
which expresses T(G) as a determinant; we shall present this result in chapter
12.

Theorem 2.10. Cayley'sfolmula : 7(K,) =n""?

Proof. K,° A™ HdS N = {1,2,...n}=} =2 184 o % NogH
g o7}k n — 291 £l wteE £2 2 4 Qlrh mabd o] £40] K, 9
spanning tree?} 1:1T]22 sH=4d=2 o] Zo] &A=t K, 2] spanning tree
T oA EX FE th,ta, .oty 2T AEA| 07 Sy N& FEH Alojzt 7}
ok, 512 T9) 7271 190 300 Aoltsha. 5,2 13} AT Aol
Aol s1E TolA AASA 1ok T —s10 271 191 B3 7HE so2t of
3 o AALE b, o7t AAA T Aol g 744 WBIIT. B WL 2

L Priifer sequencesa} gttt
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H FHELteh whebA] spanning treeZt =Gof -8 &2 E At 4~ 0] spanning
treeo] Tf-&GH& Holzt bequence Pof| gl 194 ng 7F 22 &=A& 3tof
Po] AMA| Sexto] AA} 1% P_J hﬂjuﬂ SAE AR P7F EASHA

ore ) 744 WHEgih mhAe QA B SAhs nolth. o] @A) oz 4ol
Eojo] B$BE BAFUT) £ Aok w2 oD E Eele] AR 1
Aelck O

2.5 THE CONNECfOR PROBLEM
(& 2727 daz|sol ot We)
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3 Connectivity

3.1 Connectivity

A 9] 3.1 (Connectivity) Connectivity

o A vertex cut : G—V'7} dAE RS Tzl Vo] BE At /2 A%
At (A vertex cut) o]2kalghrt.

jutot

o k-vertex cut : k7|9 YAE 71 AAH At b4 T
LAY AL 71RA] 9=

7 2=

K
—
o
o
B
o]
S,
D
(=l
[¢)
(0]
=
V]
o}
=
N—

o 2uid ME JZeA & JZE VA E I nE B AdE A
A =t

e connectivity x(G) : 1T G7} 71 A= k —vertexcute] A7t kS £(G)
eb1 Bk TR G} rivialol ALt AAHAkS TAHTAT £(C) = 0
ot

o k — connected : k(@) > kLW 1 Z G= k — connectedo]tt.

e BT nontrivial connected graph= 1 — connected©|t}.

A 9] 3.2 (Edge connectivity) Edge connectivity
e k-edge cut : k79 YAE 7[x]= 7HA HAck(edge cut).

e Edge connectivity x'(G) : nontrivial 12]Z G| k-edge cut E' G — E’
L QAAHAGAGT. k - edgecur® LG9 HAT kS #(G)2F
F@gTh G7F trivialo] AU AZE L2 T A, £'(G) = 0°]tt.

o x(G) > kY] GE= k-edge-connected ]t}

o 1= G7} AZH IEL +'(G) = 10|11 2= nontrivial connected
JglZ= = 1-edge-connected©]t}.

Theorem 3.1.

3.1.1

(a) Show that if G is k-edge-connected, with & > 0, and if E’ is a set of k.
edges of G, then w(G — E’) < 2
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w(G)=1

case 1) k'(G) >k »w(G—-E") =1

case 2) k'(G) =k »w(G—-E')=2

S w(G—-FE)<2

(b) .For k > 0, find a k -connected graph G and a set V’ of kvertices of
G such that w(G — V') > 2.

WA A Rl 7hEl Aol F7F 9 -] o

i
=

gol ol RF

3.1.2
Show that if G -is k-edge-connected,.then € > kv/2.
Theoream 3.19] &3l k < § WatA k x v < 2¢

3.1.3

(a) :
case 1) 6 =v—1
csae 2) 6 =v —2
(b) : BefAIA

3.14

(b) : XA FheH) ol theld 7hed] el st A

3.1.5

3.2 BLOCKS
A 9] 3.3 (Blocks) Block : A¢t AHEo] &) sIA| Y= AdZAT I8 ZE block
olgfgitt. Hojk A7 o]de] AHE 7 E E52 2-connectedo|t}. 1

Sol AEolt (5 BEo] E 25

I
lo
e
Jhu
rlo
M
4
Hul

s

fu
lo
ox
i)
o
N

)

Theorem 3.2.
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4 Euler Tours and Hamilton Cycles

4.1 Euler Tours
A 9] 4.1 (Euler Tours) Euler+= 77]9] Konigsberg t}2] & n}-2-&
A 2% 982 nylct

e Euler trail : B E 7HALS A U= trail

e tour : Aok slL}pe] 7HA-S 7HA]E= ERl(closed) walk

o

2o
olt
=t
rE
>
ofo
i
=+
@]
o
=

o]

o

ok

e BEuler tour : Z+ 7t

e culerian: Euler tour2 7}A]& 1g)

e

e HIREES HEE dHEE= eu-

Theorem 4.1. &4 50| JHS 72| X|Q=

lerianO|C}.
Proof.
4.2 HAMILTON CYCLES
Hamiltono] Graveso|A] HWl HZ]o| A Fai3ich
A 9] 4.2 (Hamilton cycle) hmm..
e Hamilton path : 2 & S 335t path

e Hamilton cycles : BE A2 E3}3t cycle
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5 Matchings

5.1 Matchings

A9l 5.1 (Matching) FE9 FE X3t Mo| Zt @447} linko]1l 1T GoflA
A2 ol o GO v (matching)o]2kal Sty

o MO] 7HA 9] FE-& Mof| ¥ x| & o] QI (be matched under M)2kal

ol

et

e saturated : M 2] 7H4 o] AH voll el v& ES}IE] At (be Saturated)
2t slaz, mjA Mo] - vE ESIA A, vE M-saturated = lth(be M-
saturated) 2t7gtct Wit M-unsaturated2}h ghct.

o E KX o] M-saturated HA2f, M-S &4 (perfect)o]ztal et

e M-alternating path : E/M3} Me] 7+4-S Wtz A=gH path

Ol

e M-augmenting path : #|-21} Z0] M-unsaturated9l M-alternating path

Theorem 5.1. 02 M2 OHA|H Of2I0|CtR} G7t M-argumenting pathS 74|

Al gdett = B2ESE 200

Proof. O
5.1.1
n
(a) : (b) : Kan : H(2k:— 1)
k=1
Kppn =nl
5.1.2
case 1: V A7t 4017 HHEWAS 7 4= 3. case 2: V A7 &
A 700 AE 7HAE ARl dedT

5.1.3

5.1.4

5.1.5
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